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ABSTRACT:
A binary quadratic equation of the form y? = Dx* +1, where D is non-square positive integer

has been study by various mathematicians for it non-trivial integral solutions when D takes
different integral values. The binary quadratic Diophantine equation represented by the

positive pellian y>=3x* + a® +10a — 2 is analysed for its non-zero distinct solutions. A few

interesting relations among the solutions are given. Further,employing the solutions of the
above hyperbola, the solutions of other choices of hyperbolas and parabolas are obtained.
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INTRODUCTION:
A binary quadratic equation of the form y? = Dx* +1, where D is non-square positive integer

has been study by various mathematicians for it non-trivial integral solutions when D takes
different integral values [1-3]. For an extensive review of various problems, one may refer [4-
13]. In this communication, yet another interesting hyperbola given by

y? =3x* +a® +10a — 2 is considered and infinitely many integer solutions are obtained. A

few interesting properties among the solutions are obtained. Further,employing the solutions
of the above hyperbola, we have obtained solutions of other choices of hyperbola and
parabola.

METHOD OF ANALYSIS:
The Positive Pell equation representing hyperbola under consideration is

y? =3x*+a® +10a -2 (1)
Whose smallest positive integer solution is

Xo=3,Yy=a+5
To obtain the other solutions of (1), consider the Pell equation

y? =3x%+1
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Whose general solution is given by

X =t g:§ =xf
n 2\/§ n? n 2 n
Where

fn :(2+\/§)n+1 +(2_\/§)n+1
g, =(2+3)™ -(2-3)™
Applying Brahmagupta lemma between (XO’ yO)& (X"’ Yn )the other integer solution of (1) are
given by
_9f,  (@+5K3g,

X
n+l 6 6

5)f 33
yn+1 = (a+ ) : + gn
2 2

The recurrence relations satisfied by x and y are given by
Xpa —4X, . + X3 =0

n+l

Yo — 4yn+2 + VYo = 0
A few numerical examples are given in the following table: 1

Table: 1 Numerical values

n Xn Yn

0 3 a+5

1 a+11 200 +19

2 4o +41 Ta+71

3 15a +153 260 + 265
4 56a + 571 97a +989

From the above table we observe some interesting properties among the solutions which are
presented below:

1.Relations between solutions

Xpi — 4'Xn+2 + X3 = 0
2Xn+1 Xzt Yo = 0
Xo1 — 2Xn+2 t Y2 = 0
2Xr1+1 _7Xn+2 t Y3 = 0
7Xn+l — Xt 4yn+1 =0
X —Xpys T 2yn+2 =0

n+1

YV V V V YV V V

Xnw — 7Xn+3 + 4yn+3 =0
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3Xp1 + 2V~ Yoy =0
12X + TYnia = Ynia =0
BXnr T 7Yni2 =2¥5.5 =0
Yo + 7 Xop —2%,,3 =0
Yoz +2Xno = Xpig =0
Yoz + X2 =2X3 =0
Yo +3Xo, —2Y,,, =0
Yo T 6% = Vs =0
2Y 12 + 302 = Vs =0
Yoo = 2Yn0 =3y =0
7Y = Your —12X%,,5 =0
2Yn13 = Yoz —3X3 =0
Yoz =4Yn2 + ¥ =0

YV V VYV V VY VY VY VYV VYV

2.Each of the following expressions represents a cubical integers

1

(m) [[(20( + 10)X3n+4 - (38 + 4a)x3n+3 ] + 3[(20! + 10)Xn+2 - (38 + 4a)xn+l]]

1
> 2(a? +10a -2
1

@ +100-2) (2 +10)y,, ., —18%,,.,5 |+ 3[(2a +10)y, ., —18x,, ]

1

m [[(a + 5)y3n+4 - (33 +3a )X3n+3 ] + 3[(0‘ + 5)Yn+2 - (33 + 3“)Xn+1 ]]

1

2 [[(20‘ + 1O)y3n+5 - (246 +24a )X3n+3 ] + 3[(2a + 1O)yn+3 - (246 + 24a)xn+1]]
> 7ia +10¢ -2 )

m (20 +114)x,,,, —(426 +420)x,, ¢ |+ (120 +114)x, ,, — (426 + 42a0)x,,,, ||

1
> 2a?+10a -2

1
(m) [[(4a + 38)y3n+4 - (60{ + 66) X3na ] + 3[(40! + 38)yn+2 - (60{ + 66) X2 ]]

1

W} [[(4a + 38)y3n+5 - (246 + 246x)XSn+4 ]+ 3[(4(1 + 38)yn+3 - (246 + 240[))(n+2 ]]

1
> 7(052 +10a -2

1
T 100214 +192) e~ (B0 + 6015 |+ (14 +142)y., = (Ber +66)%,. ]

. (azﬂlm) [(14a +142)y,, . — (246 + 24a)x,, ¢ |+ 3(14cr +142)y, ,, — (246 + 24a )X, 5 ]|

1

5 (m) [[(Za + 22)y3n+3 - 6y3n+4]+ 3[(205 + 22)yn+1 —6Y,. ]]

)[[(a + 5)X3n+5 - (71 + 7“)X3n+3 ] + 3[(“ + 5)Xn+3 - (71 +la )Xn+1 ]]

[[(40‘ + 38)Y3n+3 - (18)X3n+4 ] + 3[(405 + 38)yn+l - (18)Xn+2 ]]

)[[(14a +142)ys,.5 — (18)xs,. 5 ]+ 3140 +142)y,,, — (18)x, ]
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1
> 4(0(2 100 — 2) [[(8(1 + 82)y3n+3 —6Y30.5 ] + 3[(80‘ + 82)yn+1 —6Y,.3 ]]

1

> (m) [[(8“ + 82)y3n+4 - (22 + 26x)y3n+5j|+ 3[(8& + 82)yn+2 - (22 + 2a)yn+3 ]]

3.Each of the following expressions represents a Bi-quadratic Integer

. 1 [(2a +10)x,,.; — (38 + 4 )x,,., +4[(2a +10)x,,., — (38 + 4a )x,,,, ]|+ 6
> (a2 +10a - 2)
1
> 2(6!2 +10cr — 2)[(“ + 5)X4n+6 - (71+ 70{))(4n+4 + 4[(0( + 5)X2n+4 - (71+ 7CZ)XZM-Z ]]+ 6
1
> (az 100 — 2) [(2a + 10)y4n+4 —18X,,.4 + 4[(205 + 1O)Y2n+2 —18X%,,,, ]] +6
1
> (az 100 — 2)[(05 + 5)y4n+5 - (33 + 30{)X4n+4 + 4[(05 + 5)Y2n+3 - (33 + 30‘))(2n+2 ]]"' 6
> . L [(2c: +10)y,,., — (246 + 24a)x,,., +4](2a +10)y,,., — (246 + 24cx)x,,., ]|+ 6
7‘05 +10a -2 )
1

> : (20 +114)x,, , — (426 + 422X, o +4[(12c +114)x,,., — (426 + 420t )X, , ]| + 6
3‘0{ +10a -2 )

1
> 2(a2 +10cr — 2) [(40‘ + 38)y4n+4 - 18X4n+5 + 4[(4a + 38)Y2n+2 - 18X2n+3 ]] +6

> 2 : [(4a + 38)y4n+5 - (66 + 6a)x4n+5 + 4[(4a + 38)y2n+3 - (66 + 60’)X2n+3 ]]"' 6
ia +10a -2 )

> - 1 [(4c +38)y,,., — (246 + 24a)x, . +4[(4a +38)y,,., — (246 + 242 )x,, . ]|+ 6
2‘0{ +10a -2 )
1
7(a2 +10a -2

> : L [(L4a +142)y,, . — (66 +6)x,,., +4[(14a +142)y,,., — (66 + 6ax)x,, , ]|+ 6
2‘0{ +10a -2 )

) [(1405 + 142)y4n+4 - 18X4n+6 + 4[(14a + 142)y2n+2 - 18X2n+4 ]] +6

> 1 [14c +142)y, .., — (246 + 24c)x,, ., +4](14a +142)y,, ., — (2466 + 24 )x,,,, ]|+ 6
ia +10 -2 )
1

> m[(za + 22)y4n+4 - 6y4n+5 + 4[(20( + 22)y2n+2 - 6y2n+3 ]]+ 6
1
> 4(a2 100 — 2)[(80‘ + 82)y4n+4 —6Y4n.6 + 4[(8a + 82)y2n+2 —6Y,n.4 ]]"' 6

1
> m [(80‘ + 82)Y4n+5 - (22 + 2a)y4n+6 + 4[(8“ + 82)y2n+3 - (22 + 20‘)y2n+4 ]] +6
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4.Each of the following expressions represents a Quintic Integer

(;)[(2(1 +10),,.., —(38+4a )X, ., + 52 +10)x,,., —(38+dar )X, |+ 10[(20 + 2)x, ., — (38 + 4ax)x,, ]

a’ +10a -2

1

m [(0‘ + 5)X5n+7 - (71"' 70‘)X5n+5 + 5[(0‘ + 5)X3n+2 - (71"' 70‘)X3n+3 ] +10[(a + 5)Xn+3 - (71+ Ta )Xn+1 ]]

1
W) [(2 +10)y,,. s —18%q,.5 + 5[(2 +10)y,, ., —18%,,.5 ] +10[(2 +10)y, ., —18x, . ]

a’ +10a -2

(;)[(a + 5)y5n+6 - (33 + 305))(5n+5 + 5[(0[ + 5)y3n+4 - (33 + 30!)X3n+3 ] + 10[(0[ + S)ymz - (33 + 3a)xn+1 ]]

m [(2cr +10)ys,., — (246 + 240 )x,, ¢ +5[(2 +10)y,, .. — (246 + 24a)x,, ;| +10[(2 +10)y, ., — (246 + 24 )x ||

m (120 +114)x,,., - (426 + 420t )x,, , +5[(12c +114)x,, ; — (426 + 422 ), . |+ 10[(120 + 114X, — (42 + 4262 )x,,, ]
a +1l0a -

1
2(a? +10a -2

) [(4a + 38)y5n+5 - 18X5n+6 + 5[(405 + 38)y3n+3 - 18X3n+4 ] + 10[(40{ + 38) Yo — 18Xn+2 ]]

1
‘ 2% +100 -2 ) [(40‘ + 38)y5n+6 - (66 + 60‘)X5n+e + 5[(40‘ + 38)Y3n+4 - (66 +6a )X3n+4 ]+ 10[(4a + 38)yn+2 - (66 + 60{)Xn+2 ]]

m [(4e +38)ys,., (246 + 240 )x, ., +5(4a +38)y,,. — (246 + 24ax )X, , |+ 10[(4er + 38)y, ., — (246 + 24 )x ., ]

1
7(a? +10a -2

)[(1405 + 142)y5n+5 _18X5n+7 + 5[(140( + 142)y3n+3 - 18X3n+5 ] + 10[(146( + 142)yn+1 _18Xn+3 ]]

m [(14c +142)y,, ., —(66+6ax)x,,., +5[(14a +142)y, ., —(66+6a )Xy, |+ 10[(14cr +142)y, ,, — (66 +6cx)x, , ]

m [(14e +142)ys,., — (246 + 242X, +5[(14cx +142)y,. . — (246 + 240 )x,, . | +10[(14a +142)y, , — (246 + 24ar)x, ]|
o +1Va —

1

(az +10c — 2) [(Za N 22)y5n+5 B 6y5n+6 + 5[(2a + 22)y3n+3 - 6y3n+4 ] + 10[(2a + 22)yn+1 - 6yn+2 ]]
1

4(&2 1100 — 2) [(80( + 82)y5n+5 - 6y5n+7 + 5[(8& + 82)y3n+3 - 6y3n+5 ] + 10[(8& + 82)yn+l - 6yn+3 ]]
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1
> (m) [(8(2 + 82)y5n+6 - (22 + 2(Z)y5n+7 + 5[(80! + 82)y3n+4 - (22 + 2“)y3n+5]+ 10[(80[ + 82)yn+2 - (22 + 2a)yn+3]]

REMARKABLE OBSERVATIONS:
1. Employing linear combinations among the solutions of (1), one may generate
integer solutions for other choices of hyperbola which are presented in table :2
below

Table:2 Hyperbola

S.No Hyperbola (P,Q)

1. 3P2—Q?=12(a* +10a-2f | P =(2a+10),,, —(38+4a)x.,
Q = (66 + 6a)XnJrl _18Xn+2

2. 3P2_Q2:48(a2 +10a_2)2 P:(a+5)xn+3—(71+7a)xn+l
Q=(123+12a)x,,, —9%,.5

3. 3P2 _QZ :12<a2 +10a_2)2 P :(20{ +10)yn+l—l8Xn+l
Q = (30 + 6a)xn+1 _18yn+1

4. 3P2_Q2 :12(a2 +10a_2)2 P:(a+5)yn+2—(33+30{)xn+l
Q= (57 + 6Ol)anrl - 9yn+2

5. 3p?_Q? = 588( o? +10a—2f | P= (2 +10)y, ., — (246 + 24a)x,,,
Q = (426 + 42a)x,, —18y, ,

6. 3P? —Q? =108(c* +10a — 2] | P =(12c +114)x,., — (426 + 42a)x,,
Q =(738+72a)x,,, — (18a +198)x,,

7. 3P2 _QZ =48(0£2 +10a_2)2 P :(4a+38)yn+1—18xn+2
Q=(30+6a)x,., —(6a+66)y,.,

8. 3p? _Q? = 12(a2 +10¢ — 2)2 P = (4c +38)y,,, — (6 + 66)X,,,
Q=(114+12a)x, ., — (66 +6a)y,.,

9, 3P? —Q? =48(a* +100—2) | P =(4a +38)y,., — (246 + 24a)x,.,
Q = (426 + 42a)x,,, — (6cx +66)y, ,

3P2 _QZ — 588(&2 +10a o 2)2 P= (14a +l42)yn+1 _18Xn+3
10. Q = (6a +30)x,,, — (24c +246)y, ,
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3P?-Q* =48(a* +10a -2 | P=(14c +142)y,,, - (66 + 6cx)x,

11. Q=114 +12a)x, ., — (24c +246)y, .,
3P2 — Q2 = 12(0{2 +1OC¥ — Z)L P= (140{ + 142)yn+3 (24C¥ + 246) an+3

12. Q = (426 + 42a)x,,, — (24 + 66)y,
3P2 —Q2 =12(a2 +10a — 2)4 P= (20{ + 22)yn+1 - 6yn+2

13. Q=(10+2a)y,,, —(38+4a)y,.,
3p? ~Q? =102(0? +10a—2f | P =B +82)y.. ~6Yy,s

14, Q=010+2a)y,., — (14 +142)y, ,
3P’ —Q” =12(a’ +10a 2] | P=(Ba+82)y,., —(22+22)y,.,

15. )

=(38+4a)y,., — (14a +142)y, ,

2.Employing linear combinations among the solutions of (1), one may generate integer
solutions for other choices of parabola which are presented in the Table: 3 below:

Table: 3 Parabola
s.no | Parabola (R,Q)
1 3R(a? +10a - 2)—Q? =12(a? +10a — 2 20 +10)K,, 5 — (4t + 38)K,,., + 2(ar® +10 —2)
(66+6a) ~18x

/\

n+1 n+2

2 | 6R(e? +100r - 2)- Q? = 48(a? +10c — 2
-9x

n+3

(2 +10)y,,,, —18%y,,, + 2(cr® +10a — 2)
(30 + 6c)x,,, —18y,.,

R=
Q=
R
Q
3 | 3R(e? +10e—2)-Q* =12(c® +10a—2f | R=
Q= Xnu1
R = (0t +5)Y,n.5 — (3t +33)%,.,, + 2(@® +10c - 2)
Q= (57 + 6‘1) X1 = Vi
R =(2a +10)y,,, — (24a + 246)x
Q = (426 + 42 )x,,, —18y,,,
R=
Q=
R
Q=
R=
Q=
R
Q

4| 3R(e? +10a — 2)-Q? =12(e® +10a — 2f

> | 21R(a? +10a —2)-Q? =588(a? +10a — 2f +2(a’ +100-2)

n+1l

6 9R(a? +10a - 2) —Q* =108(a? +10¢ —2)?| R =[(114+12a)x,,,, - (426 + 42a)x,,,, |+ 6o +100 - 2)

=6(738+ 72a)x, ,, — (18c +198)x
= (38 4@)y,y., ~18(x,,,5 )] + 200 +10a - 2)
=(36+6a)x,,, — (6 +66)y,,,

[(38+ 4ax)y,.5 — (622 +66)x,,.5 ]+ 2 +10a - 2)
= (114 +12a)x,,, - (66 +6a )y, .,

= (38+4a)y,,., — (246 + 24a)X,,,, + 2(a® +100 - 2)
= (426 + 42a)x

n+3

7 6R(a® +10a — 2) — Q? = 48(cx® +10cx — 2)*

8 3R(ar? +10c — 2) - Q? =12(a? +10c — 2)°

n+2

9 6R(a? +10c — 2) — Q? = 48(cx? +10cx — 2)*

- (60! + 66)yn+3

n+2
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10 | 21R(a® +10a —2) - Q% =588(cr” +10c — 2)° R = (142 + 14 )y,,,, —18%,,., + 14(052 +10a — 2)
Q =(6c +30)x,., — (24 + 246)y, .,

11 | 6R(a’® +10a —2) — Q% = 48(a® +10a —2)? | R =(142+14a)y,, 5 — (66 + 6a)X,,., + 4(a® +10a - 2)
Q= (114 +12a)x,,, — (24c + 246)y,,

12 | 3R(a? +10a - 2) - Q% =12(a® +10a —2)? | R=(142+14a)y,,,, — (246 + 24a)x,, , + 2(a® +10ct —2)
Q = (426 + 420 )x,,, — (246 + 24a)y, ,,

13 | 3R(a? +10a —2) - Q? =12(a* +10a:—2)* | R=(2a + 22)y,,., — 6Y,.5 + 2(a” +10a - 2)

= (10 + Za)ymz - (38 + 4a)yn+l
14 | 12R(a® +10a — 2) —Q? =192(a* +10c — 2)° R = (82 +8)Y,,» — 6Ypn.a + 8(052 +10a — 2)

15 | 3R(a?* +10c —2) - Q? =12(a® +10a — 2)* | R=(82+8a)Y,,.. — (2 + 22)y,, ., + 2(a® +10c — 2)

=(38+4a)y,,, —(14a +142)y, ,

CONCLUSION:
In this paper, we have presented infinitely many integer solutions for the Diophantine

equationsrepresentedby the positive pell equations y? =3x* + a® +10a — 2 .As the binary

quadratic Diophantine equations are rich in variety, one may search for the other choices of
pell equations and determine the solutions with the suitable properties.
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