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ABSTRACT: 

A binary quadratic equation of the form ,122  Dxy where D is non-square positive integer 

has been study by various mathematicians for it non-trivial integral solutions when D takes 

different integral values. The binary quadratic Diophantine equation represented by the 

positive pellian 2103 222  xy  is analysed for its non-zero distinct solutions. A few 

interesting relations among the solutions are given. Further,employing the solutions of the 

above hyperbola, the solutions of other choices of hyperbolas and parabolas are obtained. 
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INTRODUCTION: 

A binary quadratic equation of the form ,122  Dxy where D is non-square positive integer 

has been study by various mathematicians for it non-trivial integral solutions when D takes 

different integral values [1-3]. For an extensive review of various problems, one may refer [4-

13]. In this communication, yet another interesting hyperbola given by 

2103 222  xy  is considered and infinitely many integer solutions are obtained. A 

few interesting properties among the solutions are obtained. Further,employing the solutions 

of the above hyperbola, we have obtained solutions of other choices of hyperbola and 

parabola. 

 

METHOD OF ANALYSIS: 

The Positive Pell equation representing hyperbola under consideration is 

 

2103 222  xy                                              (1) 

 

Whose smallest positive integer solution is 

 

5,3 00  yx  

To obtain the other solutions of (1), consider the Pell equation 

 

13 22  xy  
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Whose general solution is given by 

 

nnnn fygx
2

1~;
32

1~   

Where  

 
11 )32()32(   nn

nf  

11 )32()32(   nn

ng  

Applying Brahmagupta lemma between 
   nn yxyx ~,~&, 00 the other integer solution of (1) are 

given by 
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The recurrence relations satisfied by x and y are given by  

04 321   nnn xxx
 

 

04 321   nnn yyy
 

 

A few numerical examples are given in the following table: 1 

 

                                  Table: 1 Numerical values 

                         n   xn yn 

                         0 3 5  
                         1 11  192   
                         2 414   717   
                         3 15315   26526   
                         4 57156   98997   
 

From the above table we observe some interesting properties among the solutions which are 

presented below: 

 

1.Relations between solutions 

 

 04 321   nnn xxx  

 02 121   nnn yxx  

 02 221   nnn yxx  

 072 321   nnn yxx  

 047 131   nnn yxx  

 02 231   nnn yxx  

 047 331   nnn yxx  
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 023 211   nnn yyx  

 0712 311   nnn yyx  

 0273 321   nnn yyx  

 027 321   nnn xxy  

 02 322   nnn xxy  

 02 323   nnn xxy  

 023 221   nnn yxy  

 06 321   nnn yxy  

 032 322   nnn yxy  

 0327 312   nnn xyy  

 0127 313   nnn xyy  

 032 323   nnn xyy  

 04 123   nnn yyy  

 

2.Each of the following expressions represents a cubical integers 

 

  
          1233432

4381023438102
210

1
 


nnnn xxxx 

  

  
          1333532

771537715
2102

1
 


nnnn xxxx 

  

  
      1133332

18102318102
210

1
 


nnnn xyxy 

  

  
          1233432

333533335
210

1
 


nnnn xyxy 

  

    
          1333532

24246102324246102
2107

1
 


nnnn xyxy 

  

  
          2353532

424261141234242611412
2103

1
 


nnnn xxxx 

  

  
          2143332

18384318384
2102

1
 


nnnn xyxy 

  

  
      2243432

)666(3843)666(384
210

1
 


nnnn xyxy 

  

  
          2343532

24246384324246384
2102

1
 


nnnn xyxy 

  

  
          3153332

181421431814214
2107

1
 


nnnn xyxy 

  

  
      3253432

)666(142143)666(14214
2102

1
 


nnnn xyxy 

  

  
          3353532

242461421432424614214
210

1
 


nnnn xyxy 

  

  
      2143332

622236222
210

1
 


nnnn yyyy 

  
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  
      3153332

682836828
2104

1
 


nnnn yyyy 

  

  
          3253432

2228283222828
210

1
 


nnnn yyyy 

  
                          

 

3.Each of the following expressions represents a Bi-quadratic Integer 

 

  
          64381024438102

210

1
223244542



 nnnn xxxx 

  

 
 

          6771547715
2102

1
224244642



 nnnn xxxx 


 

 
 

      618102418102
210

1
222244442



 nnnn xyxy 


 

 
 

          6333543335
210

1
223244542



 nnnn xyxy 


 

 
 

          624246102424246102
2107

1
224244642



 nnnn xyxy 


 

 
 

          6424261141244242611412
2103

1
324254642



 nnnn xxxx 


 

 
 

      618384418384
2102

1
322254442



 nnnn xyxy 


 

 
 

          66663844666384
210

1
323254542



 nnnn xyxy 


 

 
 

          624246384424246384
2102

1
324254642



 nnnn xyxy 


 

 
 

      6181421441814214
2107

1
422264442



 nnnn xyxy 


 

 
 

          666614214466614214
2102

1
423264542



 nnnn xyxy 


 

 
 

          62424661421442424614214
210

1
424264642



 nnnn xyxy 


 

  
      6622246222

210

1
322254442



 nnnn yyyy 


 

 
 

      6682846828
2104

1
422264442



 nnnn yyyy 


 

  
          62228284222828

210

1
423264542



 nnnn yyyy 


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4.Each of the following expressions represents a Quintic Integer 

 

 

  
              12556555652

43822104381025438102
210

1
 


nnnnnn xxxxxx 



 

  
              13332355752

771510771557715
2102

1
 


nnnnnn xxxxxx 



 

  
        11333355552

181021018102518102
210

1
 


nnnnnn xyxyxy 



 

  
              12334355652

333510333553335
210

1
 


nnnnnn xyxyxy 



 

  
              13335355752

242461021024246102524246102
2107

1
 


nnnnnn xyxyxy 



 

  
              23535365752

426421141210424261141254242611412
2103

1
 


nnnnnn xxxxxx 



 

  
       21433365552

18)384(1018384518384
2102

1
 


nnnnnn xyxyxy 



 

  
              22434365652

666384106663845666384
210

1
 


nnnnnn xyxyxy 



 

  
              23435365752

242463841024246384524246384
2102

1
 


nnnnnn xyxyxy 



 

  
        31533375552

181421410181421451814214
2107

1
 


nnnnnn xyxyxy 



 

  
              32534375652

666142141066614214566614214
2102

1
 


nnnnnn xyxyxy 



 

  
              33535375752

242461421410242461421452424614214
210

1
 


nnnnnn xyxyxy 



 

  
        21433365552

622210622256222
210

1
 


nnnnnn yyyyyy 



 

  
        31533375552

682810682856828
2104

1
 


nnnnnn yyyyyy 


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  
              32534375652

222828102228285222828
210

1
 


nnnnnn yyyyyy 



 

 

REMARKABLE OBSERVATIONS: 
1. Employing linear combinations among the solutions of (1), one may generate 

integer solutions for other choices of hyperbola which are presented in table :2 

below 

 
                                           Table:2 Hyperbola  

 
S.No                 Hyperbola                     (P,Q) 

1.  2222 210123  QP     

  21

12

18666

438102









nn

nn

xxQ

xxP




 

2.  2222 210483  QP     

  31

13

912123

7715









nn

nn

xxQ

xxP




 

3.  2222 210123  QP   

  11

11

18630

18102









nn

nn

yxQ

xyP




 

4.  2222 210123  QP     

  21

12

9657

3335









nn

nn

yxQ

xyP




 

5.  2222 2105883  QP     

  31

13

1842426

24246102









nn

nn

yxQ

xyP




 

6.  2222 2101083  QP     

    32

23

1981872738

4242611412









nn

nn

xxQ

xxP




 

7.  2222 210483  QP   

    12

21

666630

18384









nn

nn

yxQ

xyP




 

8.  2222 210123  QP   

    22

22

66612114

)666(384









nn

nn

yxQ

xyP




 

9.  2222 210483  QP  
   

    32

23

66642426

24246384









nn

nn

yxQ

xyP




 

                    

10. 
 2222 2105883  QP   

    13

31

24624306

1814214









nn

nn

yxQ

xyP




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11. 
 2222 210483  QP     

    23

32

2462412114

66614214









nn

nn

yxQ

xyP




 

                    

12. 
 2222 210123  QP   

    33

33

662442426

)24624(14214









nn

nn

yxQ

yxyP




 

                    

13. 
 2222 210123  QP   

    12

21

438210

6222









nn

nn

yyQ

yyP




 

                    

14. 
 2222 2101923  QP   

    13

31

14214210

6828









nn

nn

yyQ

yyP




 

                    

15. 
 2222 210123  QP     

    23

32

14214438

222828









nn

nn

yyQ

yyP




 

 
 

2.Employing linear combinations among the solutions of  (1), one may generate integer 

solutions for other choices of parabola which are presented in the Table: 3 below: 

 

                              Table: 3 Parabola 

s.no Parabola (R,Q) 

1    2222 210122103   QR

 

     
  21

2

2232

18666

2102384102









nn

nn

xxQ

xxR





 
2    2222 210482106   QR  

     
  31

2

2214

912123

21047175









nn

nn

xxQ

xxR





 
3    2222 210122103   QR  

   
  11

2

2222

18630

210218102









nn

nn

yxQ

xyR




 

4    2222 210122103   QR       
  21

2

2232

9657

21023335









nn

nn

yxQ

xyR




 

5    2222 21058821021   QR

 

     
  21

2

13

1842426

210224624102









nn

nn

yxQ

xyR




 

6 2222 )210(108)210(9   QR

 

      
    32

2

3242

19818727386

21064242612114









nn

nn

xxQ

xxR





 
7 2222 )210(48)210(6   QR

 

      
    12

2

3222

666636

210218438









nn

nn

yxQ

xyR




 

8 2222 )210(12)210(3   QR

 

      
    22

2

3232

66612114

2102666438









nn

nn

yxQ

xyR




 

9 2222 )210(48)210(6   QR

 

 

    32

2

3242

66642426

)210(2)24246(438









nn

nn

yxQ

xyR




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10 2222 )210(588)210(21   QR

 

   
    13

2

4222

24624306

210141814142









nn

nn

yxQ

xyR




 

11 2222 )210(48)210(6   QR

 

     
    23

2

4232

2462412114

210466614142









nn

nn

yxQ

xyR





 
12 2222 )210(12)210(3   QR

 

     
    33

2

4242

2424642426

21022424614142









nn

nn

yxQ

xyR





 
13 2222 )210(12)210(3   QR

 

   
    12

2

3222

438210

21026222









nn

nn

yyQ

yyR




 

14 2222 )210(192)210(12   QR

 

   
    13

2

4222

14214210

21086882









nn

nn

yyQ

yyR




 

15 2222 )210(12)210(3   QR

     23

2

4232

14214438

)210(2)222()882(









nn

nn

yyQ

yyR




 

 

CONCLUSION: 

In this paper, we have presented infinitely many integer solutions for the Diophantine 

equationsrepresentedby the positive pell equations 2103 222  xy .As the binary 

quadratic Diophantine equations are rich in variety, one may search for the other choices of 

pell equations and determine the solutions with the suitable properties. 
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